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Abstract. It is proved in this paper that an irreducible module over the non-graded 
Virasoro-like algebra £, which satisfies a natural condition, is a GHW module or uni- 
formly bounded. Furthermore, we give the complete classification of indecomposable 
^-modules V = m „ eZ Cu TOj n which satisfy L riS v m . n C <Cv r+m . s+n+1 + Cv r+m . s+n . 



1. Introduction 

The Virasoro algebra Vir is the universal central extension of the Witt algebra with 
a basis {Li, c\ i & Z} such that for all i,j G Z 

— i 

[Li, Lj] = (j - i)L i+j + ——8 i+ j )0 c, [Li, c] = 0. 

It plays an important role in many areas of mathematics and physics. Over the past 
decades many authors have studied the representation of Vir (see for example pQ HI 
El IS]). One of the most important results proved by O. Mathieu is that an irreducible 
Harish- Chandra module over Vir is a highest weight module, a lowest weight module 
or a module of intermediate series ([9]). And it is known that a module of intermediate 
series over Vir is one of A aj j,, A(a'), B(a') or one of their quotients or submodules for 
suitable a, b G C, a' G C|J{oo}, where A a>b , A(a'), B(af) all have a basis {vj\j G Z}, 
such that c acts trivially and for all ij'eZ 



A a , b 


LiVj 


= (a + bi + j) 


Vi+j] 






A{a!) 


L^j 


= (i + j)v i+j , 




LiVo 


= z[l + l)a']vi, a' G C 


B{a!) 


LiVj 


= jVi+j, J ^ 


-i, L^ 


—i 


+ (i + l)a> , a' G C; 


A{oo) 


L^j 


= (i + j)vi+j, 




LiV 


= z(i + l)vi, 


B(oo) 


L^j 


= jVi+j, j ^ 


-i, L^ 


—i 


-i(i + l)v . 



Up to now many authors have studied various types of generalizations of the Virasoro 
algebra, such as the Virasoro-like algebra and its q-analog, generalized Witt algebras, 
the higher rank Virasoro algebra and the super- Virasoro algebra and so on, see for 
example ([21 El El [?l [101 [HI [121 E])- However, all of these Lie algebras are graded. 
Due to the important applications in the theory of Hamiltonian operator and vertex 
operator algebras, infinite dimensional non-graded Lie algebras have been studied ([TBI 
HH |15l HE]). In [H], Su and Zhao calculated the second cohomology groups of Lie 
algebras of generalized Witt type and introduced the non-graded Virasoro-like Lie 
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algebra W(T) ( T is an additional subgroup of a field of characteristic zero ) with a 
basis {L' a i , c | a G T, ieZ} and the product 

[L' a ,i, L' Ptj ] = {(3 - a)L' a+l3 . +j + (j - i)L' a+ ^_ x 

+— 8 a+ p fl [5 i+j -ia 3 + 3^ i+ii0 tt 2 + 3i(i - l)5 i+j>1 a + i(i - l)(i - 2)^ +ji2 ]c, 

Wa,i, C] =0. 

Since these Lie algebras are non-graded and have no Cartan subalgebras, we cannot 
define their weight modules as for graded Lie algebras. It makes the representation 
theory more difficult to study. So far not much has been achieved related to these 
non-graded Lie algebras. In this paper, we study representations of C = W(T) over C 
forT = Z. 

Let L Q) p = L' p +1 . Then the non-graded Virasoro-like Lie algebra C is linearly 
spanned by {L a ^p, c \ a, j3 G Z} with the following product 

[L ai ,f3n L a2: p 2 ] = («2 — ®i)L ai+a2: p 1+ p 2+ i + {(3 2 — Pi)L ai+a2j p 1+ p 2 

+ — ^ai+Q 2 ,o[^/3i+/3 2 ,-3 a l + 35p 1+ p 2 - 2 (f3i + 

+^Sp 1+ p 2 -i(3i(pi + l)ai + c^+feo/Wi 2 - l)]c, 

[^a, /3, C] = 0. 

Through out the paper, we study £-modules V = @ r seZ V> iS such that dim V r>s < oo 
and L a)b V r)S C K+a, s +b+2 + K+a, s +6+i + K+o,s+6- We prove in Section 2 that if V is 
irreducible, then V is either a GHW module or uniformly bounded. In sections 3-5, 
we study uniformly bounded modules of C and give the complete classification of in- 
decomposable £-modules V = @ m neZ V m , n which satisfy the following two conditions: 
(1) dimV^j < 1. (2) L a ^V mjTl C V a+mj p +n+ i + V a+mj p +n . 

2. GHW Modules 

Definition 2.1. Lei a±,a 2 G Z x Z. {cci,^} called a Z-basis ofZxZ, if for each 
a G Z x Z 7 a = k\a.\ + A^a^ for some k±,k 2 G Z. 

Set 

ei = (1,0), e 2 = (0,l). 

In this paper, we always consider the £-modules V = © rseZ K,s such that 
dimV^s < oo and 

+a,s+6+l + ^>+a,s+6- (2-1) 

Definition 2.2. Let V = rseZ K,s be a C-module. V is called a GHW module ifV 
is generated by a vector v and there is a Z-basis {a±, a 2 } of Z x Z such that 

L a v = 0, 

for all a = k\a\ + k 2 a 2 + k(l — 5k l k 2t o)e 2 with k±,k 2 G Z + and < k < k x + k 2 . 

Lemma 2.3. Let V = r z ^ s be an irreducible C-module and m,n G Z be such 
that \m\ > 2 and n ^ 0. Denote by <S m>n £/ie Lze subalgebra of C generated by 
{L m+ i tn+ j\i = 1, 0, — 1, j = 3, 0, —3}. // i/iere exists ^ v e V such that S m , n ■ v = 0, 
then V is a GHW C-module. 
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Proof: Case 1. m,n> 0. Set 

ai = (nm — l)ei + n 2 e 2 , a 2 = m 2 e\ + [mn + l)e 2 . 
Then a>\, a 2 is a Z-basis of Z x Z. Since 

[L m ,n-, Lm-i^n] = — L 2 m-l,2n+li 
[L m , n +3, -^m-l,n-3] = ~~ -^2m-l,2n+l — 6L2 m _l,2n 5 

we have L 2TO -i,2n, -^2m-i,2n+i G S m ,„. By the fact that 

[Lm t n, An-l,n-3] = — -^2m-l,2n-2 — 3L2 m -l,2n-3 > 
J — ^2m-l,2n-2 — 3L2 m _i j 2n-3 ) 

we have £2m-i,2n-2> -^2m-i,2n-3 G <S m ,n- Using the following Lie bracket relations 

[L mt n, L m -i tn+ 3\ = —L2m-l,2n+A ~ 3i^2m-l,2n+3 1 
[-^m— l,n; -^m,n+3 J — -^2m-l,2n+4 — 3L2 m _l j 2n+3 ; 

we deduce that £ 2 m-i,2n+4, ^2m-i,2n+3 G S^n. Therefore, 

{-^2m-l,2n+fc|^ = — 3, —2, 0, 1, 3, 4} C <S m>n . (2.2) 

Similarly, we have 

{^2m,2n+fc> -^2m+l,2n+fc|& = —3,-2,0,1,3,4} C S mjTl . (2-3) 

In general, for k > 3, we have 

{ W^n+iK = -1,0,1; -3(A; - 1) < j < i(k - 1)} C S m>n . (2.4) 

Since m > 2, by fl2.2l) - fl2.3p and (12.41) . considering k = n and k = m respectively, we 
have 

{-^mn-l,n 2 i -^mn,ri 2 ) -^m 2 +l,mn+l) -^m 2 ,mn+l} — ^m,n- 

Then it is easy to deduce that L a C for all a = fcicti + /c2«2 + k(l — 5fcifc 2 ,o) e 2 with 
fci, A; 2 G Z + and < k < k\ + &2- By Definition 12. 2[ the lemma holds. 
Case 2. m > 0, n < 0. Set 

«i = (1 — nm)e 1 — n 2 e 2 , « 2 = m 2 ei + (1 + nm)e 2 . 

Then cei, «2 is a Z-basis of Z x Z. Replacing k by — n and m in fj2.2n - fl2.4jl respectively, 
we have 

{^ J ~ nm+l,— n 2 , nm,— n 2 j ^m 2 ,mn-\-\ i ^m 2 — l,mn+l } ^ $m,n- 

Therefore, L Q C iS mn for all a = fcicti + A; 2 tt2 + k(l — 5^2,0)^2 with k\, k 2 G Z + and 
< fc < ki + k 2 . 

For the case that m < 0, n > 0, set 

«i = (1 + nm)e\ + n 2 e2, «2 = — m 2 ei + (1 — nm)e 2 . 

Then 

{^nm+l,n 2 i ■^ J nm,n 2 i ^-m 2 ,-mn+l) ^-ra 2 -l ,-ran+l} — ^m,n- 

For m < 0, T2, < 0, set 

a x = (—1 — nm)ei — rz 2 e 2 , «2 = — m 2 ei + (1 — nm)e 2 . 

Then 

{-^-nm-l-n 2 ] -^-nm,-n 2 i -^-m 2 ,-mn+l) ^-m 2 +l,-trm+l} ^ <^m,n- 

We can similarly deduce the lemma for these two cases. □ 
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Lemma 2.4. Let V = rseZ F r|S be an irreducible C-module and m,n G Z 6e swc/i 
that \m\ < 1 and \n\ > 3. Denote by S' mn the Lie subalgebra of C generated by 
{L m+ij n + j\i = — 1,0,1, j = —2,1,4}. If there exists 7^ v G V such that S' mn -v = 0, 
then V is a GHW C-module. 

Proof: We only consider the case that m = 1, n > 3. For other cases, the proof is 
similar. Set 

ol\ — (n — l)ei + n 2 e 2 , a 2 = e\ + (n + l)e 2 . 
Then cti, a 2 is a Z-basis of Z x Z. Similar to the proof of Lemma |2.3[ we have 

{-^n-l,n 2 , L n ^ n 2 } Z^n+l, ^ Sl,n- 

So L a C 5,^ n for all a = k\U\ + k 2 ot 2 + k{l — 6^2,0)^2 with ki,k 2 G Z + and 
< k < ki + k 2 . Therefore, the lemma holds. 

Definition 2.5. Let V = na y r)S be a C-module. If there exists a positive integer 
N such that dim V T)S < N for all r, s G Z ; i/ien V is called uniformly bounded. 

We now have the first main result of the paper. 

Theorem 2.6. Let V = © rsgZ K,s be an irreducible C-module such that V is not 
uniformly bounded, then V is a GHW module. 

Proof: Suppose that V is not a GHW module. Let m, n G Z. 

Case 1. |m| > 2, n 7^ 0. Let S- m -n = {L- m+i - n+j \i = 1, 0, — 1, j = 3,0,-3} 
be the same as in Lemma 12.31 Then by Lemma 12.31 for any 7^ v G V min , we have 
S- m - n ■ v 7^ {0}. By the assumption 12.11 

5 

( ( L- m+i - n+ j))\ Vmri : V mtn > ^ 

i=-l,0,l j=-3,Q,3 f=-l,0,l j=-3 

is an injection. Therefore, 

5 

i=-l,0,l j=-3 

Case 2. |m| = l,n^0. Then by Lemma [2^41 for any 7^ v G Kn in , S'_ m _ n -v 7^ {0}. 
Similar to the proof for case 1, we have 

6 

i=-l,0,l j=-2 



Case 3. m = 0, n 7^ or m 7^ 0, n = 0. If m = 0, n 7^ 0, by Lemma I2.4[ for any 
7^ i> G Vo, n , we have S[ _ n ■ v 7^ {0}. Therefore, 

6 

dimy ,n< X) (I] diiny ^)- ( 2 - 7 ) 

1=0,1,2 i=-2 

If m 7^ 0, n = 0, then n — 1 = — 1 and similarly we have 

4 

dimV OT) o< Yl (5Z dimy M')' if N>2, (2.8) 

£=-1,0,1 j'=-4 

5 

dimKn,o< (J^dimVSj), if |m| = 1. (2.9) 
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It follows from (I2.5p - fl2.9l) that V is uniformly bounded, a contradiction. □ 

3. Uniformly Bounded Modules 

In this section, we discuss the ^-modules V = @ r sgZ V r ^ s such that dim V r ^ s < oo 
and 

L a ,bVr,s ^= V r +a,s+b+l + Vr+a,s+b- (3-1) 

Lemma 3.1. Let V = @ r seZ V r)S be a C-module satisfying / 1 3. Then c acts trivially 
on V . 

Proof: By the definition of C, we have the following Lie bracket relation: 
[Lai,pi, L a2> p 2 ) = (a 2 — ai)L Ql+Q , 2)/ 3 1+/32+1 + (/3 2 — (3i)L ai+a2 ^ 1+ p 2 

+ Y^^ai+a 2 ,o[^/3i+/3 2 ,-3 a l + ^/3i+/3 2 -2 (A + 

+38p 1+(32> -i(3 1 ((3 1 + l)ai + 5 ( g 1+ /3 2 ,oA(/3i 2 - l)]c. 

Let «i = — a 2 , /?i + /3 2 = k, k = —3, —2, —1, respectively, then by (13. II) and the above 
relation, we have 

o 

c-v m , n c p| ( v m , n+i )={o}, 

k=-3 k<i<k+2 

for all m,n£Z. The lemma is proved. 

□ 

For m, n G Z and L m ^ n G £, by the assumption (13. II) . for each v G K,s> 

£ m ,n ■ W = Ul + U 2 , 

where v x G Vr+m^+n+i, v 2 G V r+m>s+n , r,s G Z. Define P m , n : y r>s -> V r+m)S+n+1 and 

Qm,n • Vr,s * ^r+m, s+jt by 

Then 

Lemma 3.2. Lei V = rsez y rjS 6e a C-module satisfying j{3. For h,k,r,s G Z, 
we /lave 

-Pr.s] = (f — /i)-P/i+r,fc+s+l, (3.2) 
[-F*h,fc> Qr,s] + [Qh,k, Pr,s] — (r — h)Qh+ r ,k+s+l + (s ~ k)Ph+ r ,k+s, (3.3) 

[Qh,k, Q r ,s] = (s - k)Q h+r ^ +s . (3.4) 

In particular, 

V-i = span{ P m -i | m G Z} 

and 

Qo = span{ Q ,n | n G Z} 
are centerless Virasoro Lie algebras and for each m,n G Z ; 



are Q and V-\ modules respectively. 
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In the following sections of the paper, we discuss the indecomposable ^-modules 
V = © rse z Vr,s satisfying (13. ip and dim < 1, for all m,n G Z. By Lemma E21 we 
can assume that 

Po,-iu = (A + to)m, QofiV — (fj, + n)v , (3.5) 

for u G V m -x, v G Vo,n, where A, \i G C are two fixed complex numbers. 
For convenience, denote 

Ph ,k^m,n fh,k{ m , n)Vh+m,n+k+l) ,k^m,n 

for m, n,h,k G Z. Then 

fh,k( m + r,n + s + l)f rtS (m, n) - / r , s (ft + m,k + n + l)f h>k (m, n) , . 

= (r - h)f r+htS+k+1 (m,n) 



fh,k( r + m,s + n)g r}S (m, n) + g h ,k{m + r,s + n+ l)f r>s (m, n) 

-fr, s ( h + m,k + n)g h<k (m, n) - g r , s ( m + h,k + n + l)f hjk (m, n) (3.7) 

= (r - h)g h+rtk+s+1 (m, n) + (s - k) f h+r}k+s (m, n), 



9h,k(m + r,s + n)g rjS (m, n) - g r}S (m + h,n + k)g h>k (m, n) _ g , 

= (s - k)g h+r , k+s (m,n). 

By (13.51) . we have 

fo-i(m, -1) = A + to, 0o,o (0,n) = // + n. (3.9) 
Lemma 3.3. VFe ftai>e 

/o,-i( m ) n ) = A + to, (3.10) 
g ,o(m,n) = fi + n, (3.11) 

/or a// m, n G Z. 

Proof: Let m = r = s = A; = 0in ( 13.81) . then 

^,0(0, ri)o ,o(0, n) = a ,oO, n)<fa >0 (0, ra), (3.12) 
for all n, ft G Z. Let fc = — 1, s = r = ft = 0in (13.61) . then 

/o,-i(to, n + l)/ ,o(m, n) = /o,o(m, n)/ 0) _i(m, ra). 

If for each ft G Z, there exists n G Z such that 0^,0(0, n) 7^ 0, then (13. lip follows 
from fl3TT2|) . 

Suppose there exists ft G Z such that 0/1,0(0, n) = for all n G Z. Let to = r = k = 
and s 7^ in ( 13. 81) . we have 

gh, s (°> n ) = °> 

for all s, n G Z. Let r = —ft and s = /c = m = 0in (13. 8p . then 

g h ,o(-h,n)g_ hfi (0,n) = 0, 
for all n G Z. Let r = —ft and = to = in (13.81) . we have 

9h,o{~K s + n)g-h,s{°i n ) = s 9o, s {0, n). 

So for s 7^ and n G Z, if gh,o(~h, s + n) = 0, then 00,5(0, n) = 0. If 0h,o(— ft, s + n) 7^ 0, 
then 0_h,o(O, s + n) = 0. Since 0^_ S (O, s + n) = 0, let to = s = 0, r = —ft, k = —s and 
replace n by n + s in (I3.8p . then we have 

g - s (0,s + n) = 0. 
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Therefore for s, n G Z, s ^ 0, we have 

ffo,»(0, n)t/ ,- s (0, s + n) = 0. 
Let m = /i = r = 0, A; = — s in (13. 8p . then 

00,0(0, n) = 

for all n G Z, which is not true. □ 

We now have the second main result of the paper. 

Theorem 3.4. Let V = ©„ gZ & v be an indecomposable C-module satisfying ( fff. 1\) 
and A3. 5\) . Then V satisfies one of the following situations: 

(1) A a ,\,n '■ L r , s v m , n = (ar + \+m)v m+r , n+s+ i + (as+fi+n)v m+ryn+s , where X,/i,a G C; 

/Li + , A + m 

^0,A,u : L rs V mn = ; ; ~t(A + 77l) l> m +r ,n+s+l + 1 — '. ! (/^ + ra )Wm+r,n+.s; 

+ n + s + 1 A + m + r 

where A, // G" Z; 

r _ / u + ri + s + l , A + m + r 

(3) A\ \ n '■ L rs v mn — ■ [r-\-A J rrn)v m+r n+s+ i-\ - — ■ {s+fj,+n)v m ^ n + S) 

/i + n A + m 

where A, \x G" Z; 

A _|_ _J_ y 

^i,o,a,m : L r, s v m ,n = (r + A + ?7i) u m+r . ,„ +s+ i H r— (/J + n)?; m+rin+s , u>/iere 

A + m 

A G" Z; 

(5) B 10X ,n ■ L rs v mn = — ■ ■ — -(r + X + m)v m+rn+s+1 + (/i + n)?j m+r n+s; w/iere 

/i + n + s + 1 

7i Z; 

^ _|_ j 

(6) Aoi\u : L r , s 7; m ,n = (A + m)v m+ r tn+s+1 + — ■ — (s + /x + n)v m+r , n+s , where 

A + m + r 

A G" Z; 

/i + 77 + S + 1 

(7/ 5 o,i,a,m : L r,sV m ,n = : {X + m)v m+rn+s+1 + (s + fx + n)v m+rn+s , where 

jj, + n 

H (jL Z. 

We will prove the theorem through lemmas in the next two sections. It is easy to 
check that (l)-(7) are indecomposable representations of C. 

4. Proof of Theorem 13.41 for some cases 

In this section we suppose that 

Qo, s v m ,n = (a m s + /i + n)v mtn+Sj (4.1) 

Pr,- 

= {b n r + A + m)v m+rjn , (4.2) 
where a m , b n G C. In fact, if fi ^ or A ^ 0, then Q 0tS or P r -\ has to be the form of 
fl3HD or B: since v m = 0„ e z Cv m,n and = mgZ Cv m , n are Q and P_i modules 
respectively. 

Lemma 4.1. a m = a for all m G Z. T/iai is, 

9o,s{ m , n) = as + fi + n, 

for all 777 G Z. 

Proof: By the fact that ^r,-i] = r L r -\ and (I3.9p . we have 

0o,-i(ra + r,ra)/ r _i(m,n) = </ ,-i("i, «)/r ,-i(w> ra - 1). (4.3) 
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So 

(fi + n- a m+r )(b n r + X + m) = (li + n - a m ) (b n -xr + A + m) , (4.4) 
for all m, n, r G Z. Replacing r by — r and m by m + r in (14.41) . we have 

+ n - a m )(-b n r + X + m + r) = (/i + n- a m+r )(-6„_ir + A + m + r). (4.5) 
By (I4.4p and (14. 5p we have {b n + — l)r(a m+r — a m ) = 0. Then 

b n + b n -\ = 1 or a m + r = a m , 
for all n,m,r G Z. If fr n + = 1 for all n G Z, then 

&2/c = &o, »2fc+i = 1 - 6o, £; G Z. 
Let n = 2k and n = 2/c + 1 in (14.41) respectively, then we have 

(26 - l)r(// + 2k - a m ) = (b r + A + m)(a m+r - a m ), (4.6) 

(2b - l)r(fi + 2k + 1 - a m+r ) = (b r + A + m)(a m - a m+r ), (4.7) 
for all k,m,r G Z. By (I4.6p and (14.71) . we have 

(26 - l)(2fi + 4k - 1 - a m - a m+r ) = 0, 
for all k G Z. There always exists G Z such that (2/z + Ak — 1 — a m — a m+r ) 7^ for 
all m, r G Z. Therefore, 6 = ^- Then b n = - for all n G Z. By (14.41) . we have 

(-?" + A + m)(a m - a m+r ) = 0, (4.8) 
for all m, r G Z. Let m = in ( 14. 8p . then 

+ ^)( a o - «r) = 0. 

If A ^ -Z, then a r = ao for all r G Z. If A G -Z, by (14. 8p . we have 

a r = a , 

for all r 7^ — 2A. Let m = — 2A, r ^ and r 7^ 2A in (I4.8p . then we have a_2A = ao- So 
a m = a for all m G Z. □ 
From the relation that [L r _i, -L 0jS ] = —rL TjS + (s + l)L r)S _i, we have 

{b n+s+1 r + A + m)f 0iS (m,n) - (b n r + X + m) / , s (m + r,n) = -rf r , s (m,n), (4.9) 

(6„ +s+ i - b n )r(as + Li + n) + / , s (m, n)# r _i(m, n + s + 1) , . 

-Sr r _i(m,n)/o )5 (m + r, n - 1) = -rg r , s (m,n) + (s + l)/ rjS _i(m, n), ' " 

gr,-i( m , n + + /i + n) — ^ r) _i(m, n)(as + + n — 1) = (s + l)p rjS _i(m, n). (4.11) 

By the fact that [Xo,-i) — r L r ,-i, we have 

g r ^i(m, n)(fi + n — 1 — a) = g ri _i(m, n — l)(/i + n — a). (4-12) 

By ( 14~4I) . if /i + n - a 7^ for all n G Z, then 6 n = 6 for all n G Z. 

Lemma 4.2. Suppose that li + n — a 7^ /or a// n G Z. 

(1) If b 0,1, then a=b and 

fr, s { m , n) = ar + X + m, 
g r ,s( m , n) = as + fi + n; 

(2) If be {0,1}, then a G {0,1}. 
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Proof: By (Oj) - (O0j) . we have 

(br + A + m)(fo, s {m,n) - fo, s (m + r,n)) = -rf r)S (m,n), (4.13) 

fo, s (m, n + s + 1)- g r ,-i(m, n)f , s (m + r, n - 1) ^ ^ 

= -rg r>s (m,n) + (s + l)/ r)S _i(m, n). 

By f)4.12p and /i + n- a/ for all n G Z, we can assume that 

ff r _i(m,n) _ ff r _i(m,w - 1) _ 
fi + n — a n + n — I — a 
for all m,r,n G Z. Note that &o jm = 1 f° r a U ^ G Z. By (14.111) . we have 
g r , s (rn, n) = k r ^ m (as + + n), 

By (13.81) . we have 

kr,mk—r,m+r 1? ( / ^ - ^^) 
kh,m+rkr,m ^r,m+ft.^'fe ) m Wr,m) (4.16) 

for all r,m,h G Z. From (I4.15P we can see that A; rm 7^ for all r,m G Z. Let 
h — 0,k — —2, s = in (13. 81) . we have g r -2(171, n) = k r ^ m (—1a + fj, + n). Then 

g r , s ( m > n ) = k T ,m(as + /i + n), (4-17) 

for all r, s,m,n G Z. In (13.71) . let fa = 0, r = 0, k — —1, then we have 

fo, s {m, n)(n + n + s + 1 - a) - (// + n - a)f 0>s (m, n - 1) = (s + l)f , s -i(m, n). (4.18) 

So 

fo,o(m, n)(fj, + n + 1 - a) — f ,o( m , n — l)(fi + n — a) = A + m, (4.19) 

and 

(fj, + n + 1 - a)f 0fi (m, n) = n(X + m) + (/i + 1 - a)f 0fi (m, 0). (4.20) 
Letting n = 1, s — in (14.141) . we obtain 

fo,o{m, l)k r , m (n + 2 - a) - k r>m (fjL + 1 - a)f 0fi (m + r, 0) = -rk r%m (/j + l) + br + \ + m. 
By j~2QD , we have 

[A+m+/ 0i0 (m,0)(/i+l-(i)]fc r)m -/o.o(m+r,0)(/i+l-a)i im = 6r+A+m-rAv,m (/■*+!)■ 

(4.21) 

So 

K !m (n + 1 - a)(f 0t0 (m,0) - f 0t0 (m + r, 0)) + *v, m (A + m + r/i + r) = 6r + A + m. (4.22) 
Replace r by — r and m by m + r in (I4.2ip respectively, then 

fc_ rjm+r (/i + 1 - a) {f ,o{m + r, 0) - / ,o(m, 0)) + k_ r , m+r (X + m-r^) = -br + A + m + r. 
Then by (14.151) . we have 

k 2 rm (-br + X + m + r) - (2X + 2m + r)A; r , m + 6r + A + m = 0, 



i.e. 



(/c r>m - l)[(-6r + A + m + r)k r ^ m - (br + A + m)] = 0. (4.23) 
If 6 = — , then fc rjm = 1 for all r, m G Z. 

Suppose 6 7^ - and there exist r, m G Z such that — 6r + A + m + r 7^ and 

k rm = — 7^ 1. For fa 7^ — r, fa 7^ 0, if fcft m+r = 1, then by (14.161) we have 

—br + A + m + r 

kh+r,m k r m 7^ 1- 
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Then 

b(h + r) + A + m br + A + m 

™h+r,m ' 



-b(h + r) + \ + m + r + h —br + A + m + r 

iplies that b = -, 

(jEED, 



This implies that b — -, a contradiction. So kh }Jn + r ^ 1 ior h ^ 0,h ^ —r. Then by 



6/i + A + m + r 6r + A + m + r) + A + m 



—bh + X + m + r + h —br + A + m + r — + r) + A + m + r + /i 

This forces that 6 = or 1. By the assumption that b ^ 0, 1, we have Av,m = 1. Then 
by (14. 171) . we have 

g r)S (m,n) = as + fi + n. (4.24) 

By < K21} . we have 

/o, (m + r, 0) - / ,o(m, 0) = — . 

/j, + 1 — a 

Then by ffl~T3]) . 

/ r0 (m,0) = /Z+1 ~ & (br + A + m), r ^ 0. (4.25) 

/i + 1 — a 

Setting h = r, r = s = k = n = 0in (13. 7ft . we get 

/ r)0 (m, 0)// + / ,o(w, 0)(/i + 1) - /o,o(r + m, 0)// - / r)0 (m, 0)(/i + 1) = -r(a + //). 

So 

/r,o(m, 0) = / 0>0 (m, 0) - ^ (/ * + 1 ~ h ) + r(a + // ). 

/i + 1 — a 

Then by (14.25!) . we have 

„ . , .a+l — b r(b — b 2 — a + a 2 ) 

fo,o m,0 = A + m ^— + ^ — ^, r ^ 0. 4.26 

jj + 1 — a /i + 1 — a 

Therefore, b — b 2 — a + a 2 = 0. Then 

a = b or a + b — 1. 
If a = b, then / 0)0 (m, 0) = A + m. By (jODjl . 

/o, (m,n) = A + m. (4.27) 

In (13.71) . let /i = £; = 0, then we have 

/o, (r + m, s + n)g rjS (m, n) + # Q ,o(m + r, s + n + l)f r>s (m, n) 

-fr }S (m, n)g 0fi (m, n) - g rtS (m, n + l)f 0)0 (m, n) (4.28) 

= rg rjS+1 (m, n) + sf r>s (m, n). 

By (Plj) and fl428|) . we have 

/ rjS (m, n) = ar + A + m. 

So we can deduce that 

fr, s (rn, n) = ar + A + m, 
g rs { m i n) = as + fi + n. 



If a + 6 = 1, then 



/o, (m,n) = ^ + n + a ( A + m ). (4.29) 
/i + n + 1 — a 
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By induction on n, we can deduce that 

{n + n + a){fi + n + 1 + a) 

/o,i(m, n) = ? — ■ — — ■ — -A + ra 

(/i + n + 1 — a)\ji + n + 2 — a) 

and 

fM = (^n + a )(, + n + l + a) _ 
(// + n + 1 — a) {/j, + n + 2 — a) 
On the other hand, by (fl~2"Tj) and ffl~28j) . we have 

„ , , (it + n + a) r , , fu + n + l + a)., 

/ P>1 (m, n = ra + ^ j r 1 - 2a) + \ ( A + ra . 4.31 

(/i + n + 2 — a) [/j, + n + 1 — a) 

Then by (ODll and fOTj) . we have 

1 

a = 0, 1 or — . 

Then b = 1, or — . By the assumption, a ^ 0, 1, so a = - = 6. This also means that 

/ r , s (ra, n) = ar + A + ra, 
g rjS (ra, n) = as + fi + n. 

(2) follows from the proof of (1). □ 

Lemma 4.3. Suppose that + /or a// n e Z and a = b = 1. Then we have 

f r s (m,n) = r + A + ra, 

J * ' ' (4.32) 

g rjS (m,n) = s + /i + n, 

or 

r / \ + n + s + 1. x . 
/ r , s (ra, n) = ■ (r + A + ra), 

x^ + n A^Z. (4.33) 

A+ra+r ^ v > 

g r:S (m,n) = — — (s + n + n), 

A + ra 

Proof: Case 1. A ^ Z. By the proof of (1) of Lemma fl~2l ( see (14.231) ), we know that 

h -1 h _ r + X + m 

"V,m J- Or K rm - ; . 

A + ra 

If fc r , m = 1, then by (j07)» . ^(m, n) = s + // + n. By (I4T26D and ([ODD , we have 

/ 0j0 (ra,n) = A + ra. 

Then by (14.281) . we have 

f r ,s{ m i n ) — r + A + ra. 

So we have (14.321) . If k rm = — , then 

A + ra 

r -\- A ~\~ vn 

g riS {m,n) = — — (s + fi + n). (4.34) 

A + ra 

By (I4T22]) . we have 

fo fi (m + r, 0) - f fl(m, 0) = r. 

/i 



By (I4.13p . we obtain 



f r ,o(m, 0) = - + (r + A + ra), r^0. 
/i 
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In (13.71) . let n — 0, k — r — s — 0, then we can deduce that 

fo,o(m, 0) = ^-^1(A + m). 



Then by ffl~2"Uj) . we have 



/o,o(ra, = ■ (A + m). 

/i + n 



By (i2HD, g31D and (14351) . we have (Ogjl . 
Case 2. A G Z. By (Q3"]l . we have 

/ r , s (-A-r,n) = 0, r^O. 

In (13.61) . let /i = — r, k = —l,m = —A, then by (I4.36p . we have 

/o, s (-A,n) = 0. 

By f l423|) . we have 

fc r _A- r = 1, r 7^ 0. 

Then by k r ^\ = 1 for all r G Z and (I4.16p . we have 

kh+r-X-r = kh,-\k r -\- r = 1, V /i, r G Z. 

So 

&r,m = 1, V r, m G Z. 
Then similar to the proof above, we have (I4.32j) . 

Lemma 4.4. Suppose that /i + n- a^0 /or a// n G Z and 6 = 1, a 

f r ,s( m , n ) = r + X + m, 

' . A + m + r . A £Z, 

a r>s (m, n) = — — (/i + n), 

A + m 

or 

/ r , s (m, n) = — - n (r + A + m), 
/i + n + s + 1 

g r , s (m, n) = fi + n. 

Proof: Case 1. A G Z. As the proof in (2) of Lemma [4.31 we have 

k - 1 

and 

g r>s (m,n) = fj, + n. 

By gZSID and fICTD . we have 

/o,o(m, n) = — ■ —(A + m). 

[i + n + 1 

Then by fl4T28]) and (jOtljl . we get flCTjl . 
Case 2. A ^ Z. Then 

A + m + r 



kr.m 1 k r m 



A + m 



^ -)- 777 -)- 7^ 

If fc rm = 1, then we have (14.391) . If k rm = — , then 

A + m 

. . A+m+r 

a r , s (m, n) = — — (// + ra). 

A + m 
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Then we can deduce that 

/o,o(m,n) = A + m. 

By (jOTjl and (14~2"gl) . we have (Qgjl . □ 

Lemma 4.5. Suppose that \i + n — a Z /or all n £ "Z and b = 0, a = 1. T/ien 

. , . ^+n+s+ 1 

f r>s (m,n = ■ A + m, 

/i + n (4.42) 

g r , s (m, n) = s + fi + n, 
or 

f rs (m, n) = A + m, 

' A + m A£Z. (4.43) 

a r , s (m,n) = A + m + r (g + /i + n), 

Proof: Case 1. A G Z. As the proof above we have 

h — 1 

and 

<3V )S (m, n ) — s + A* + n - (4.44) 

By fl4T22|) . we have 

/o, (m + r, 0) - / ,o(wi, 0) = ^-^r. 

A* 

Then by ( I4.13I) . we obtain 

/ r ( m>0 ) = ^±i(A + m), r^O. 
Let n = 0,& = r = s = 0in ( 13. 7ft . then we have 



Then by (fPDj) . we get 



/ ,o(m,0) = ^(A + m). 



fo,a{m,n) = ■ (A + m). 

jj + n 



Then by (ICTD and (14281) . we obtain (14421) . 
Case 2. If A £ Z, then 

A + m 



Ajt" 777 1 OX* Ajt 1 



A + m + r 

If k rm = 1, then g rs (m, n) = s + fi + n. Using (14.261) and (I4.20p . we have 



By (jPBD , we have 



„ , s fi + n + 1 

Jofl{m, n) = ■ (A + m). 

\i + n 



, , /i + s + n + 1 

f r ,s{m, n) = ■ (A + m). 

fi + n 



Then we get ( 14. 42 \ . If fc rm = , then g rs (m, n) = (s + u + n). By 

A + m + r A + m + r 

(14^2]) . we have 

/o, (m + r, 0) - / ,o(m, 0) = r. 

By ( I4.13j) . we obtain 

/ r ,o(m, 0) = A + m, r^0. 



(4.45) 
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Let k = r = s = n = in (13 .7p . then we have 

/o, (m,0) = A + m. 

Then by (I4.20p . we have 

fo,o{m,n) = A + m. 

Using (I4.28p . we deduce 

fr )S (m, n) = A + m. 

So we have (jQ3j) . □ 
Similarly we have the following lemma. 

Lemma 4.6. Suppose that /i + n- a^O for all n G Z and 6 = a = 0. Tnen 

f r>s (m,n) = A + m, 
g r>s (m,n) = /x + n, 
or 

f r>8 (rn,n) = — ■ ■ —(A + m), 

/ i t^ + S+ A^Z. 
. , A + m ^ 

o r , s m, n) = — — /x + 7i), 

A + m + r 

Lemma 4.7. Suppose that \i — a G Z. Tnen we a/so nave b n = b for all n G Z. 

Furthermore, we have 

/r )S (m, n) = ar + A + m, 
g rjS (m, n) = as + /x + n, 

or 

/ rs (m, n) = r + A + m, 

' . A + m + r. . A^Z, (4.46) 

Jr>, w) = — — (ji + n), 

A + m 
or 

f rs ( m , n) = A + m, 

A + m / \ A^Z. (4.47) 

<? r , s (m,n) = A + m + r (g + /i + ^), 

Proof: Let tiq G Z be such that /x + no — a = 0. By (14. 3p . we have 

(b n r + A + m)(/x + n - a) = {b n -\r + A + m)(/x + n — a). 

So 

6„ , n > n , 
bno-i, n < n - 1. 
Then by (I4.20p . we have 

/o,o(m, n) = A + m, n ^ n - 1. 
Assume /o,o( m i — 1) = A + m + f(m) for all m G Z. Then 

/o,o(ra, n) = A + m + ^ ino _i/(m). (4.48) 
Since /x + n — a 7^ for all n 7^ n , by (14.121) we can assume that 
g r -i(m,n) = k r ^ m (fi + n — a), for n > n , 

g r -i(m, n) = k' r m {n + n — a), /or n < n — 1. 
Similar to the proof of Lemma I4.2[ we have 

kr,m,k—r,m+r 1) ^h,m+r^r,m ^r,m+hl^h,m ^h+r,mi (4.49) 
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h' 1c' — 1 k' h' — h' k' - k' (A ^C\\ 

for all r,m,h G Z. By ( 14. lip , we have 

(s + 2)<7,. jS (m, n) = (as + /i + n + a)g r -i(m, s + n + 1) — (as + /i + n + a — i)g r -i(m, n). 
Then by ( 13. 8p . we have 

g r , s (rn, n) = k r>m (as + fJ> + n), n > n , s > — 1; 

g r , s (m, n) = — - [(as + /i + n + a)(/i + s + n + l- a)fc^ m 

— (as + /i + n + a— l)(/i + n — a)fc nrn .], n > n , s < —3; 
g r , s (m, n) = ^[(as + /i + n + a)( / u + s + n + l — a)k rm 

— {as + n + n + a — l)(/i + n — a)fc£ m ], n < n — 1, s > 0; 
g r , s (m, n ) = K,m( as + V + n), n < n — 1, s < -3. 

Let h = 0, k = -3, s = 1 in (ET5)) . then 

g r _ 2 (m, n) = -[(—3a + /i + n + l)g r ^(m, n) — (—3a + \x + n)g r l (m, n — 3)]. 

So we can deduce that 

g r - 2 (m, n) = k r<m (—2a + fj, + n), n > n + 3; 

g r - 2 (m,n) = — [3(— 3a + /i + n)(2/x + 2n + a - 1) + (2a + // + n)(/i + n + 2 - a)]Av, m 

[3(— 3a + /i + n)(2fi + 2n + a — 4) + (2a + /i + n — + n — a)]Ay m) n < n — 1; 

X 2 

9r,-2(m,n ) = -ak r>m ; 

g r ^ 2 (m,n + I) = ]-[(!- a) (2a + l)k r>m + (a - l)(2a - l)k' rm \\ 

g r 2 (m,n + 2) = -[(a + 2) (-3a + 5)k rm + (a - l)(3a - 2)k' rm ]. 
o 

If a = 1, letting A; = 0, s = —2, n = no in ( 13.81) . we have 

ky ira j rr k rm -\- k rm j r } l kf im 2k r j r \ im . 
Let r = and note k' Q m = 1 = fc 0)m for all m G Z, then we have 

— K 

If a = 0, let k = —3, h = 0, s = —2, n = n + 2 in (I3.8p . then we obtain 

g - 3 (m + r, n )g r - 2 (m, n + 2) - g r - 2 (m, n - l)g _ 3 (m + r,n + 2) = g r - 5 (m, n + 2). 

Then we can also get k' rm = fc r , m for all r, m G Z. Therefore, if a = or 1, we have 

^r,m = Km, Vr,meZ. 
Letting n = no + l,s = Oin (14.101) . we have 

(A + m + ar)k r ^ m = b no r + A + m. (4-51) 
Letting n = uq — 3,s = 0in (14.101) . we obtain 

(A + m + ar)k' rm = b„ -ir + A + m. (4-52) 
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Replace r by — r, m by m + r in (I4.5ip respectively, then we have 
(A + m + r — ar)k_ r>m+r = —b no r + A + m + r. 



Similar to the proof of Lemma 14.21 

(k r , m - l)[(-6 no r + A + m + r)k r>m - (b no r + A + m)\ = 0. (4.53) 
Furthermore, we can deduce that if b m 7^ 0, 1, then fc r>m = 1 and b no = a; if b no = or 

h „ r -i- 

1 , then k T ^ — 1 or k r ^ 



b no r + A + m 



—b no r + A + m + r 

(1) A G Z. If b no = 0, let m = —A in (14.5 ip . then we have ark r ^\ = for all r G Z. 
By the fact that k r _\ 7^ 0, we have a = 0. If 6 no = 1, we have (a — l)rfc r) _A- r = for 
all r G Z by (14.511) . Similarly we have a = 1. Therefore, if 6„ = or 1 and A G Z, we 



also have b no = a and k r<m = 1. 



(2) A ^ Z. Then 6„ r + A + m^0, —b no r + A + m + r^0 for all r, m G Z. By the 
fact that fc rj7n for all r, m G Z and (I4.5ip , we have ar + A + m 7^ and 



&n T + A + m 



ar + A + m 

Obviously, b no = a if /c r , m = 1. On the other hand, if k r>m = — ; — ; ' - ; — , then 



b no r + A + m 
-b no r + A + m + r 



we have 

b n j + A + m _ b no r + A + m 
—b no r + A + m + r ar + A + m 
It is easy to see that a = 1 — b no and 

A + m _ 

ryj r\m ) "ran u j 

A + m + r 
A + m + r _ 

"r,m ^ j "ran x • 

A + m 

For fc£ m and 6 no _i we have the similar results. So we have 

(i) if a 7^ 0, 1 or A G Z, then 6„ = a = 6 no _i and fc rim = ^ m = 1; 

(ii) if a = or 1 and A G" Z, then k r>m = k' rm and 

(a) if fc r , m = 1, then 6 no = 6„, _i = a, 

(b) if fc r ,m = — ■ — , then b no = 6 no _i = 0, a = 1, 

A + m + r 

(c) if fc rm = — — - — -, then b no = 6 no _ a = 1, a = 0. 

A + m 

Therefore, we always have k r>m — k' rm and b n = b for all r, m, n G Z. Furthermore, 

g r , s ( m i n ) = k r ,m(as + /i + n), 

for all r, s, m, n G Z. 

Case 1. If £v m = 1, then 6 = a and g r)S (m,n) = as + u + n. Then by (14.281) . we 
have 

fr,o(rn, n — 1) = ar + A + m + af(m) + (1 — a)f(m + r); 
fr, s ( m , n — 1) = ar + X + m + a(s + l)/(m), s ^ 0; 
/ riS (m, n — s — 1) = ar + A + m + (1 — a)(s + l)/(m + r), s ^ 0; 
/ r , s (m, n) = ar + A + m, n 7^ n — 1, n 7^ n — s — 1. 
Let h = 0,k = —2, s = 0, n = -a — 1 in (13. 6p . then we have 
/o-2(m+r,no)/ r) o(m,no-l)-/ rj o(m,no-2)/o-2(w,n -l) = r/ r _i(m,rio-l). (4.54) 
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Then 

a[(a + l)r + 2A + 2m]/(m) + (l-a)(\ + m + r)f(m + r) = 0. (4.55) 
Let r = in (I4.55p . then we have 

(a + l)(X + m)f(m) = 0. (4.56) 
Let h = 0, k = 1, s = 0,n = no — 1 in (I3.6p . and we have 

/o,i(m + r, n )f ri0 (m, n - 1) - / r ,o(wi> ™o + l)/o,i( m > n o - 1) = rf rj2 (m, n - 1). (4.57) 
Then 

[(3a - 2)(A + m) + (2a - 4)or]/(m) - (a - 1)(A + m + r)f(m + r) = 0. (4.58) 
Let r = in fl4~58l) . then 

(2a- 1)(A + m)f(m) = 0. (4.59) 
By fl4T56|) and (|4"39jh we obtain 

(A + m)/(m) = 0. (4.60) 
Then by (14.551) and (I4.58p . we know 

a/(m) = 0. (4.61) 

It is easy to see that if a / or A ^ Z, we have f(m) = for all m G Z. 
If A G Z and a = 0, by (14.601) . we have /(m) = for all m ^ —A. Let 
h = k = — l,r = l,s = 0,m = — A, n = no — 1 in (13.61) . then we have /(—A) = 0. 
Therefore, 

/(m) = 0, 

for all m G Z. We have (I4.45p . 

^ « T r7 A+m+r , A + m + r . 

Case 2. 11 k rm = — , then b = 1, a = and g rs (m,n) = — (a + n), 

A + m ' A + m 

where A G" Z. Note that /i + n = 0. By (14.281) . we have 

fr )S ( m , n) = r + X + m, n n — 1, s + n n — 1; 
fr, s (m, n - 1) = r + A + m, s^0; 

^ _|_ ^ | _|_ ^ 

/ r ,o(m, ^lo-l) = r + A + ra^ — f(m + r); 

A + m 

_l_ ^2 — t 

f rs (m, n — s — l)=r + A + m+(s + 1) — /(m + r), 0. 

A + m 

By (H34j) . we have 

\ _j_ _(_ ^ 

(A + m + r) — /(m + r) = r(A + m + r). 

A + m 

Let r = 0, since A G" Z, we also have /(m) = for all m G Z. Therefore, (14.461) holds. 

t p 7 X + m A + m . 

Case 3. 11 /c rm = , then o = 0, a = 1 and g rs (m, n) = (s+/i+n), 

A+m+r A+m+r 

where A G" Z. Note that u + n = 1. By (I4.28j) . we have 

f r>s {m, n) = X + m, n^fi -l,s + n/ n -l; 
f r ,s(rn, n — s — 1) = X + m, s ^ 0; 

/r. jS (m, n - 1) = A + m + (s + 1)— —f(m), s ^ 0; 

A + m + r 

^ _(_ U7 

f r ,o(m,n - 1) = A + m + — — /(m). 

A + m + r 
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By (I4.54p . we have 

\r, X + m , . , r X + m s . . 

A+m+rA+m+ -; t(m) \ — (X + m)\X + m — t(Tn)\ = r[X + m). 

K n X+m+r y n K n X + m + r y n K ' 

Hence, (A + m)f(m) = 0. Since A (jL Z, we have f(m) = for all m G Z. Therefore, we 
have fOTj) . □ 

5. Proof of Theorem 13.41 for the other cases 

In this section we prove that there are no other situations except the seven ones in 
Theorem 13.41 

Lemma 5.1. Suppose that 

Pr,-iVm,n = ( b n r + m)v m+r , n , m^0,m + r/ 0, 
Pr,-iV m ,no = (r + m)v m+r , no ,m ^ 0, 
P r -iv ,n = r(l + (r + l)b' no )v r , no , 
for some n G Z. Then b' nQ = 0. 
Proof: By (14.31) . we have 

(n + n- a m+r )f r -i(m,n) = Qu + n - a m )f r ,-i(m, n - 1). (5.1) 
Let m^0,m + r^0in (15.11) . we have 

(fi + n - a m+r )(b n r + m) = (fi + n - a m )(6 n _ x r + m), m^0,m + r^0. (5.2) 
Replace r by — r, m by m + r in (15.21) respectively, then we have 

(/i+n— a m )(— fe^r+m+r) = (fi+n— a TO+r )(— 6„_ir+m+r), m/0,m+r^0. (5.3) 
From (15.21) and (15.31) . we have 

(b n + b n -i - l)(a m+r - a m ) = 0, for all m ^ 0,m + r ^ 0. (5.4) 

Note that b no = 1. Similar to the proof of Lemma 14.11 we have a m+r = a m for all 
m/0,m + r/0. Therefore, 

a m = a, m^0. 

By (15. 2p . we have 

(fi, + n-a)(b n -b n -i) = 0. (5.5) 
Let m = 0, r ^ in (15.11) . then we have 

(/z + n-a)/ r ,_i(0,n) = (a* + n - a )/r,-i(0,n - 1). (5.6) 

Case 1. Hfi + n — a^0 for all n G Z, then by (15. 5p . we have b n = b no = 1 for all 
n G Z. Then 

f r i(m, n) = r + m, m^0,m + r/0. 

On the other hand, for each n G Z, V^f = © mgZ Ct> m)W is a module of intermediate 
series over V-i, so we have 

/ r) _i(m, n) = r + m, rn^O, 
/ r ,_i(0,n) = r(l + (r + l)«/ n ). 

By (15. 6p . we have 

{n + n- a)r(l + (r + ) = (// + n - a )r(l + (r + l)^), 
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for all r, n G Z. Therefore a = a,b' n = and 

&m (2, h n b 5 

for all m,n 6 Z. Similar to the proof of Lemma [4.21 we have 

g r , s (m, n) = k r>m (as + fx + n), 
(fi + n+1 — a)f fi(m, n) = nm + (fi + 1 - a)/ 0j0 (m, 0), (5.7) 
fcr,m[(^ + 2 - a)f 0fi (m, l)-(fj, + l- a)f 0j0 (m + r, 0) + r(// + 1)] = / r _i(m, 1). 
By (15.71) . we have 

fcr,m(At + 1 - a)(fo fi (rn, 0) - / ,o(m + r, 0)) + fc r , m (m + r + r/i) = f r -i(m, 1). (5.8) 
Replace r by — r, m by m + r in f 1 5 . 8 j) respectively, then we obtain 
k_^ m+r (n + 1 - a)(f ,o(m + r, 0) - / ,o(m, 0)) + k_ ryTn+r (m - r/x) = /_ r ,_i(m + r, 1). 
According to k r ^ m k_ T ^ m+r = 1, we have 

fc r , m (/z + 1 - a)(/ Q)0 (m + r, 0) - / ,o("i, 0)) + Av, m (m - r/i) = /_ r _i(m + r, l)A£ m . 
By (JEHD, we get 

/-r.-iCm + r, l)fc r 2 m - (2m + r)fc r ,m + / r ,-i(m, 1) = 0. (5.9) 
Let m^0,m + r^0in (15. 9p . then 

mk 2 rm — (2m + r)k r ^ m + r + m = 0, m^0,m + r/ 0. 

So 

r + m 

K rm = 1 or k rm = , m fz o,m + r fz 0. (5.10) 

m 

Let m = 0, r 7^ in (|5.9p . then we obtain 

k r , = 1 + (r + 1)6', r^0. (5.11) 

By k r Qk- rr = 1, we have /c_ rr = — - for r 7^ 0. By the fact that 

1 + (r + l)o' 

kh+r,m = kh t m+ r k r ,m for all h,r,m G Z, let m = — r, h / 0,r / 0, then if k r , m = 1 
for m^0,m + r^0we have 

Then 

(h + r)b' = for all h ^ 0, r / 0. 

Therefore, b' = 0. If k rm — for m 7^ 0, m + r 7^ 0, then we have 

m 

' -(l + (/i + l)6'), M0,^0- 



r l + (l-r)V 



So b' = —1, and 



and 



k rm = , m 7^ 0, m + r^O, 

m 

&r,o = -r, r 7^ 0, 

r 



fr,-i(m, n) = r + m, m/0, 
/ r ,_i(0,n) = -r 2 . 
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Using (15.81) . we have 

/o,o(r,0)-/ 0| o(0 J 0) = — ^ r, 

(i + l — a 

/o, (m + r, 0) - / ,o(m, 0) = ^ ~|~ 1 r, m + r^0. 

/i + 1 — a 

Then by (14.91) . we obtain 

/r,o(0 > 0) = — ^ r, r^O, 

/i + 1 — a 

fr,o(m,0) = ^ + 1 (r + m), m^0,r/0. 
/i + 1 — a 

Let h = r,r = s = k = n = in (13.71) . then we have 

/ r ,o(m, 0) = fc r , m [(/i + l)/ ,o(m, 0) - (ifo,o( m + r,0) + r(a + (i)). 

Therefore 

/o,o(w, 0) = k- r>m+r f rj0 (m, 0) + (i[f , (m + r, 0) - / Q , (m, 0)] - r(a + //), (5.12) 

and 

// (i — a(a — 1) 



/o,o(0,0) 



' i 

(i + l — a (i + l — a 



(i + l a(a — 1) 

/ 00 (m,0) = — — mH — r, m/0. 

/i+l — a /i+l — a 

This forces a = or a = 1 and /i = 0. Thus (i + a = 0oi(i — 1 + a = 0, a contradiction. 
Case 2. If there exists «i 6 2 such that /i + ri\ — a = 0, then by (15. 5p we have 

b ni , n>n x , 
Ki-i, n < ni - 1. 

Without loss of generality, we may assume uq > m, then 6 n = 1 for n > n\. By the 
results on representations of the Virasoro algebra, we have 

f r -i(m, n) = r + m, m/0, 
/ r ,_i(0 J n)=r(l + (r + l)y n ), " " ^ 

In (15.61) . letting m = 0, r 7^ 0, n = n + 1 = ri! + n' , where n' > 0, we have 

n'f r -x(0, n + 1) = (a - a + n')/ r _i(0, n ). 
Then n'r(l + (r + l)b' nQ+l ) = (a - a + n')r(l + (r + 1)6^) for all r e Z. So, 

b no+i = b n ' ao = a- 
Therefore a m = a for all m G Z. By (15.61) . we have 

/ P> _i(m,ni), n>ni, 
/ r _i(m,ni - 1), n <ni-l, 



/ r _i(m,n) 
and 



f r _i(m, n) = r + m, m/fl, 

n> n-\. 

f r ^(0,n) = r(l + (r + l)b'J, 
Similar to the proof of Lemma 14.71 we assume 

g r ^i(m,n) = k r , m ((i + n - a), forn>n x . 
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Letting h = k = 0, s = — 1, m = —r ^ 0, n > n\ in (13. 6p . we have 

/o,o(0, 7i)/ r ,_i(-r, n) - / r ,_i(-r, n + l)/o,o(-»", = rf 0fi (-r, n). 
Then we can deduce that 

/o,o(-r,n) = 0, r^0,n>ni. 
Letting /i = — r 7^ 0, = 0, s = —1, m = 0, n > n\ in (13.61) . we obtain 

/_ r)O (r,n)/ r _i(0,n) - / r _i(-r,n+ l)/_ r , (0,n) = 2r/ ,o(0,n). 

Then 

/o,o(0,n) =0, n > n x . 

Therefore, 

/ r ,o(-r,n) = 0, n>n x . 
Letting /1 = = 0, s = 0, m = 0, n = n x + 1 in (13.71) . we obtain 

fo,o(r,ni + 1)^,0(0, ni + 1) + / r ,o(0,ni + 1) = rg Tll (0,ni + 1). (5.13) 

By dUnj, we get 

g r ,o(0, rix + 1) = (a + l)Av,o, 0r,i(O, ni + 1) = (2a + l)fc r ,o, 

g- r ,-i{r, rai + 2) = 2/c_ T . r , #_ r , (r, m + 1) = (a + l)fc-r, r . 
By (I5.13p . we have 

/o,o(r, n a + l)(o + l)*v,o + /r,o(0, n x + 1) = r(2a + l)Av, . (5.14) 
Letting /i = A; = 0, s — — 1, m = 0,n = ni + 1 in (I3.6p . we have 

/o,o(r,ni + l)f r ,-i(°, n i + 1 ) - /r,-i(0,m + 2)/ 0) o(0,m + 1) = r/ r , (0,n a + 1). 

So 

r(l + (r + l)Z/J/o,o(r,m + 1) = r/ r , (0,m + 1), 

and therefore 

/ r ,o(0,m + 1) = (1 + (r + l)&; o )/ 0l o(r,rM + 1), r ^ 0. (5.15) 
Letting a = — r, = —1, r = 0, s = 0, m = r 7^ 0, n = n x + 1 in (13.71) . we have 
a_ r _i(r,rii + 2)/ 0)0 (r,ni + 1) = rg„ rfi (r,nx + 1). 

Then we obtain 

/ 0)0 (r,m + l) = ^r, r^0. (5.16) 
a + 1 

So we have /o,o( m i ^1 + 1) = — ^ — m for ah m£Z, and 

/ P> o(0, m + 1) = ^±1(1 + (r + 1)*/Jr, r ^ 0. 

On the other hand, 

/o,o(r, nx + I) (a + l)*v,o + / r ,o(0, n x + 1) = (2a + l)rfc ri0 . 

Then we have 

(2a + 1 - a 2 )£; r>0 = (a + 1)(1 + (r + l)b' no ), r ^ 0. 
Letting h = 0,k = —1, r = 0, s = 0, n = n x + 1 in (13. 7p . we have 

2/o,o(m> ni + 1) - /o,o(»n, r^x) = m. (5.17) 
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Then 

/o,o(m,Wi) = am. 
Let s = 0, n = ri\ + 1 in (14. lOj) . then we get 

k r ,m[2fo,o(m, rii + 1) - / Q)0 (m + r, n x ) + r(a + 1)] = f r ,-i{m, n x + 1). 

So 

(r + m)£v jm = / r _ 1 (m,ni + 1). (5.18) 
Let m^O and m = in (15.181) respectively, then we have 

k r ,m — 1, m^O, m + r^0; 

fc r , = l + (r + l)6; o , r^O. 
Similar to the proof above, we have 6' = 0. □ 

The proof of the following lemma is similar that of Lemma 15.11 
Lemma 5.2. Suppose that 

P T ,-xV m ,n = (b n r + m)v m+r , n , m ^ 0, m ^ -r, 

Pr, — lVm,nQ TflV m+r,riQ ; TO ^ T, 
Pr.-lU-r.no = -r ( 1 + ( r + l ) a ') v 0,n -> 

for some n Q G Z. T/ien a' = 0. 
Lemma 5.3. Suppose that 

Qo, s v m ,n = (s + n)v m:n+s , n ^ 0, 

<5o,^m,0 = S ( X + ( S + l ) a 'm)) V m,s, 
Pr,-l v m,n = (° n r + A + m)V m+r ^ n . 

Then a' m = for all m G Z. 

Proof: By ( 14.31) . we have (n — l)/ r) _i(m, n) = (n — l)/ r) _i(m, n — 1). Then 

/ r _i(TO,7i) = f r ,-i{m,n- 1), n^l. 

That is, 

£>i, n > 1, 
6 , n < 0. 

Letting h = r,k = —1, r = 0, s = — 1 in (13.81) . we have 

(n — l)g T -i(m, n — 1) = (n — 2)g r ^i(m, n). (5.19) 
Similar to the proof of Lemma 14.71 we can assume 

g r ,-i(m, n) = l r , m {n - 1), n > 1, 

(/ r> _i(m,n) = C,m( n_ !)> w<0. 
Then we deduce that i r>m , ?£ m have the same properties as k rjTn , k' rm : 

lr,ml—r,m+r 1] lh,m+rlr,m lr,m+hlh,m lh+r,mj (5.20) 

/' /' =1 /' /' —V V — V (5 T\\ 

l 'r,m''—r,m+r ' h h,m-\-r^r,m b r,m+h h,m h h+r,m' \" / 
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As the proof of Lemma H~7] we have l' rm = l r>m , for all r, m G Z and 

g r ,s{m,n) = Z r , m (s + ra), n^O; 
r , s (m, 0) = Z r)m s(l + (s + l)a' TO ). 

Let h = 0,k = —1, r = 0, s = in (13.7j) . then we have 

fo,o(m,n) = X + m, n^O. 
Assume fofi(m, 0) = A + m + /(to) for all to G Z. Then 

fo,o(m,n) = X + m + 8 nt0 f(m). (5.23) 
Let h = r,k = —1, r = 0, s = in (13.71) . then we obtain 

nl r ,mfo,o( m > n)-(n- l)l rjm f 0)0 (m + r, n - 1) = -rl r ^ m n + b n r + X + m. n ^ 0. 
By (15T23|) . we have 

7iZ r>m (A + TO+5 n ,o/(m)) - (n-l)Z rim (A + m + r + 5„ 5 i/(m + r)) = -rl r ^ m n + b n r + X + m. 
Then 

(A + m + r)/ rjm = 6 n r + A + m. (5.24) 
Replacing r by — r, m by to + r in (I5.24p respectively, we have 

(A + m)/_ rjm+r = -6 n r + A + m + r. 

By flEZDD , we get 

(— b n r + A + to + r)/ rjm = A + to. (5.25) 
Using fl5T24l) and (15T26|) . we obtain 

bJr,m = b n , r ^ 0. (5.26) 

Then l r>m = 1 for r 7^ or b n = for all n G Z. If Z rm = 1 for r 7^ 0, then l r>m = 1 for 
all r, to G Z. By (ET23|1 . we have b n = 1 for all n G Z. If 6 n = for all n G Z,'by flo^D 
we have 

(A + to + r)/ rm = A + to. 
A + TO 

It is easy to see that A Z and l rm = . 

A + to + r 

Case 1. If Z r ?n = 1 and b n = 1 for all r, to, n G Z, then 

g r ^ s {m, n) = s + n, n 7^ 0, 
^ )S (to, 0) = a(l + (s + 1)<J, 
/r,-i(TO, n) = r + A + to. 

By (S2HD, we have 

f r ,s(m,n) = rg r:S+1 (m,n) + g rtS (m,n + l)f 0fi (m,n)-g T:S (m,n)f 0fi (m + r,s + n). (5.27) 
Then we can deduce that 

/r jS (m, n) = r + A + to, n 7^ 0, —1, — s; 

/r,,(m, 0) = r + A + TO + (s + 1)/(to) + (s + l)(2r - s(X + m))a' m ] 
fr,s( m > _ 1) = r + X + m + s(s + 1)(X + m)a' m , 
f r ,s(rn, —s) = r + A + m, n 7^ 0, —1. 
Letting h = 0,k = —2, s = in (13. 6p . we obtain 

/ _ 2 (TO + r,n+ l)/ r>0 (m,n) - f r:0 (m,n- l)/ 0) _ 2 (m,n) = r/ r _i(to, n). (5.28) 



(5.29) 
(5.30) 
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Let n = and n = 1 in (15.281) respectively, then we obtain 

(A + m + r)f(m) + (A + m + r) 2 a^ = 0, 

(X + m)(f(m) + 2ra'J=0. 
By (1530]) . we have 

(A + m)/(m) = 0, (A + m)<4 = 0. 

If A £ Z, then /(m) = 0, a' m = for all m G Z. If A 6 Z, then /(m) =0, a' TO = for 
all m —A. Let m = —A in (I5.29p . then 

/(-A)+ro'_ A = 0, (5.31) 

for all r ^ 0. So 

/(-A) = 0, a'_ A = 0, 
and therefore, a' m = for all m G Z. 

and 6 n = for all r,m,n G Z, where A G" Z, then 



Case 2. If L 



A + m + r 



g rs (m,n) 



A + m 



-(s + n), n^0, 
A + m + r 
A + m 

g r , s (m, 0) = — — s(l + (s + l)a m ), 

A + m + r 

J r -x(m,n) = A + to. 



By f l5T27j) . we have 



/ rjS (m, n) = A + m, n/0,-1, — s; 

s + 1 



fr,s(m,0) = X + m + 



[f(m) + r(s + 2)a' m , 



A + m + r 

-,\ a A + m . . . 

/ r , a (m, -1) = A + m + — — s(s + l)a m ; 

A + to + r 

fr,s( m , ~ s ) = A + m, n^0, —1. 
Let n = 1 in (I5.28P and note that A G" Z, then we have 2ra' m + f(m) = for all m, r G Z. 



Therefore, we have 



/(to) = 0, <4 = 0, Vm G Z. 



□ 



Lemma 5.4. Suppose that 

Qo,sVm,n — (s + w)?; m ,n+s: Ti 7^ 0, 

Qo.s^m.o = s(l + (s + l)a' m )v m , s , 

P r -iv m ,n = (Kr + m)v m+rtn , m ^ 0, m + r ^ 0, 

Pr-l v m,n = ( r + m )^m+r,no; m 7^ 0) 
^r-l^Cno = r(l + (r + l)?4 o )lV,n , 

/or some n G Z. TTien 6^ = 0, a' m = 0, b n = 1 for all m,n G Z. 

Proof: By Lemma [5.31 we have 

g rtS (m,ri) = l rjTn (s + n), n^0, 
g rtS {m, 0) = Z r , m s(l + (a + 1)<C), 
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and 

, / x J /r,-i(m, 1), n > 1, 
J ' U ^ \/r,-i(m,0), n<0. 
Note that 6 no = 1. Without loss of generality, we assume no> 1, then b\ — 1 and 

f~ _i (m, n) = r + m, m 4 0, 
jr, n j ; > n > 1. 

/ P _i(m,n) = r(l + (r + l)«/ no ), 
Similar to the proof of Lemma 15.31 we have 

(m + r)Z r , m = / r _i(m,n). (5.32) 
Let n > 1 in (15.321) . then we obtain 

(m + r)Z r)m = m + r, m^O, 
rl rfi = r(l + (r+l)b'J. 

Hence, 

Z nm = 1, m^O, m + r^0; 

^=(l + (r + l)0. r ^°- 
Similar to the proof above, we have 6^ = and Z rjm = 1 for all r, m G Z. By (15.321) . 
we have b n — 1 for all n G Z. Therefore, we can deduce that 

f r> -i(m, n) = r + m, 



for all r, m G Z. By Lemma I5.3[ we have = for all m G Z. □ 
Lemma 5.5. Suppose that 

Qo )S v m - s = -s(l + (s + l)a^))v mi0 , 

Pr-l v rn,n = (^n r + A + Tn)v m+T , n . 

Then a' m = /or a/i m G Z. Furthermore, b n = b for all n G Z ; where 6 = or 1. 
Proof: By (I4.3p . we have 

nf r ,-i{m, n) = nf r -i{m, n-l). 
Then / r) _i(m, n) = / r) _i(w, n — 1) for n 7^ 0. So we have 

6 , n > 0, 
n < —1. 

Letting h = r,k = —1, r = 0, s = —1 in (13. 8p . we have 

n 9r-i( m , n — 1) = (n — l)o rj _i(m, n). (5.33) 
Similar to the proof of Lemma 15.31 assume 

g r -x(m, n) = Z nm n, n > 0, 
r _i(m,n) = ^. m n, n < -1, 
then we have Z£ m = ^ r>m for all r, m G Z and 

£? r , s (m, n) = nZ r , m , n ^ -s; 
g r}S (m, -s) = -s(l + (s + l)a' m+r )l T)m . 



b n 
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Similarly, let h — 0, k — —1, r = 0, s = in (13.71) . then we can deduce 

foflim, n) = A + m + S nfi f(m). 
Let h — r, k — — l,r — 0, s — in (13. 7p . then we have 

l r>m [X + m + 6 n)0 f(m) - S n<1 f(m + r)) = b n r + X + m. (5.34) 
Let n = and n = 1 in (15.341) respectively, then we have 

^r,m(A + m + /(m)) = + A + m, 

^r,m(A + m — /(m + r)) = 6 r + A + m. 

By the fact that l r ^ m ^ for all m,reZ, we have /(m) = —f(m + r) for all m, r 6 Z. 
Therefore 

f(m) = 0, VmGZ, 

and 

^r,m(A + m) = 6or + A + m. (5.35) 
Let n ^ 0, 1 in (15.341) . then we have 

lr,m{X + m) — b n r + A + m. 

It is easy to see that b n = b = b for all n G Z. Replace r by — r, m by m + r in (I5.35P 
respectively, then we get 

l-r : m+ r (X + 171 + r) = —br + X + 171 + T. 

By ( jPDD , we have 

(— 6r + A + m + r)/ ri?n = A + m + r. (5.36) 

Using (I5.35P and (15.361) . we obtain 

l r m (b - 1) = b - 1, r^O. (5.37) 

Then m = 1 or b = 1 . If l r ^ m = 1 for all r, m G Z, then by (I5.35p . we have 6 = 0. If 
b = 1, by (15.351) we have (A + m)l r ^ m = r + X + m. It is easy to deduce that A G" Z and 

Irm = — ; for all r, m G Z. 

A + m 

Case 1. If / rj?Ti = 1 and 6 = 0, then 

g r>s (m,n) = n, -s, 
g r , s {m, -s) = -s(l + (s + l)a' m+r ), 
f r -i(m, n) = X + m. 

By flOBD we have 

f r>s (m,n) = rg rjS+1 (m,n) + (A + m)g rjS (m,n+ 1) - (A + m + r)g r>s (m,n). (5.38) 
Then we can deduce that 

J rjS (m, n) = A + m, s + n^0, —1; 

f r>s (m, -s - 1) = A + m - (s + l)(r(a + 2) + (A + m)s)a^ +r ; 
/ r , s (m, -s) = A + m + (s + 1)(A + m + r)a^ +r . 

Let n = 2 in (15.281) . then we obtain 

(A + m) 2 c4 = 0. (5.39) 
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If A G" Z, then a' m = for all m G Z. If A G Z, then = for m —A. Then we have 

/r,*(-A - r, -s - 1) = -r - 2(fi + l)ra'_ A , 
/ r , s (m, n) = A + m, for other m, n, 

and 

fr, s {m, n) = A + m - 5 TO+r ._ A <5 s+ „_i2r(s + l)a'_ A , 

SV, s (m, n) = n - S m+r -\6 a+n>0 s(s + l)a'_ A . 
Letting s = 1, A; = in ( 13. 8ft . we have 

(1 - 2n)<5 m+r+/l _ A 5 n -ia'_ A = 0. 
Letting — l,m + h + r ^ —A, we obtain 



a'_ A = 0. 



Therefore, = for all m G Z. 



r A "I - ?n 

Case 2. If l rm = — and b = 1, where A 4 Z, then 

A + m 

, s r + A + m 

r , a (m, n) = — — n, n ^ -s, 

A + m 

V -\- A ~\~ Tfl 

g r , s {m, -s) = — s(l + (s + l)a' m+r ), 

A + m 

k / r) _i(m, n) = r + A + m. 



f r , s (m, -s-l)=r + \ + m — (s + l)[s(A + m + r) + 2r]a^ +r ; 

„ , > . , r; -r a -r ) , 

fr, s {m, -s) = r + A + m + (s + 1) ; a m+r . 



By (jOSjl . we have 

f T ,s(jn, n) = r + A + m, s + n ^ 0, — 1; 

r + A + m 
A + m 

(r + A + m) 2 , 
A + m 

Letting h = 0, k — —2, s = 0, n = 2 in ( 13. 61) . we have 

(A + m + r)a^ = 0. 

Then a' m = for all m G Z by A £ Z. □ 
Lemma 5.6. The following case does not exist: 

Qo.sWm ,-s = s(l + (S + l)d m )v mfi , 

(b n r + m)v m+riTl , m^0,m + r ^ 0, 

Pr,-lVo,n = r(l + (r + l)b' no )v r , no , 

for some Uq G Z. 



Proof: By Lemma [5.51 we have 



. / r _i(m,0), n>0, 
/ r> _i(m,n) = ^ (5.40) 
f r ,-i{m, -1) n < -1, 

ml r>m = f r -i(m,n). (5.41) 



28 GAO AND JIANG 

By (15.411) . we know b n = b for all n G Z. Note that b no — 1, so 6 = 1 and by the results 
on representations of the Virasoro algebra, we have 

/ r) _i(m, n) = r + m, m^O, 
/ r |_ 1 (0,n)=r(l + (r+l)i/J. 

Let m = in f)5.4ip . then we have 

= / r ,_ 1 (0,n) = r(l + (r+l)6; o , 

a contradiction. □ 
Similarly we have the following lemmas. 

Lemma 5.7. Suppose that 

Qo,^m ,- B = -s(l + (a + l)a' m )v mfi , 

Pr, 

Pr,— X^m,riQ ^^W+r.no ; ^ 7^ '"i 
Pr.-lU-r.no = "K 1 + ( r + l)b' no )v , no , 

for some n G Z. T/ien 6^ = 0, a' m = 0, b n = for all m,n G Z. 
Lemma 5.8. Suppose that 

Qo, s v m ,n = {a m s + n)v mtn+s , n^0,n^ -s, 

Qo.^mo = -si 1 + ( s + l)Omo) u mo,Q! 
Pr, 

P._iW_ r , no = -r(l + (r + l)^ )w ,„ , 
/or some m , n G Z. T/ien a^ = 0, = and a m = 0, b n = /or a// m, n G Z. 

It follows from Lemmas 5.1-5.8 that there are no other situations except the seven 
ones in Theorem 13.41 
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